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Neumann algebras with the Haagerup property, then My x M,
has it too.

> Actually, let's show the relative version of this, where My D N
and My D N both have the relative Haagerup property and we
take My xny Mo.
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Setup and Notation

» Let N C M be finite vN algebras
» 7 a faithful normal trace on M

» M acts by left multiplicaton on L2(M, 7) in the GNS
representation of

» % € L?(M,T) corresponds to x € M

» Epn: M — N is the T-preserving conditional expectation, with
ey € B(L2(M)) the corresponding projection.
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More setup

» If ®: M — M is an Ep-preserving N-bimodular unital
completely positive map, we can extend to Te € B(L%(M))

—

> Set To(X) = ®(x) for x € M and extend by continuity

I 0
o )

where we've written L2(M) = L2(N) @ L?(N)*.

» We can decompose
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What to do about compactness

» Recall in the definition of the Haagerup property that T4 must
be a compact operator on L2(M).

> What's the corresponding set in the relative case?
> Define Fy(M) = {T € N'nB(LA(M)) | T = 3K, ajenb;}
» Let (M) be the norm closure of Fy(M) in B(L%(M))
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Relative Property (H)

The finite vN algebra M 2 N has property (H) relative to N if
there exists a net {®; : M — M};c; of En-preserving
N-bimodular unital cp maps such that

L limj||®i(x) = x||;, =0 for x e M
2. Tq;l. S /CN(M)
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Here we have unital and Ep preserving. There we have
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Remarks

» If N = C this is just the Haagerup property

» This definition differs slightly from the one in Popa's book.
Here we have unital and Ep preserving. There we have
subunital and subtracial.

> Tgi can be assumed to be a contraction in the definition, by
considering

1
®je = ——(®j +¢E
’ 1+5( *ekn)

and seeing that this makes TgiE a contraction. We'll use this

later.
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Setting up the amalgamated free product

» My, M, be finite vN algebras with traces 7; and E; : M; — N
trace preserving conditional expectations

J. Bahr Free products of completely positive maps



Setting up My xp Mz
Pg is cp - setting up p
$g is cp - showing p works

Defining the free product

Setting up the amalgamated free product

» My, M, be finite vN algebras with traces 7; and E; : M; — N
trace preserving conditional expectations

> Set I\/I,Q = ker E; and define

Mi=N& P M ey oyM
n>1,i#.. . Fin

J. Bahr Free products of completely positive maps



Basics

Defining the free product
Main result

References

Setting up My xp Mz
Pg is cp - setting up p
$g is cp - showing p works

Setting up the amalgamated free product
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Defining the free product

Setting up the amalgamated free product

» Define the map £y : MJ — N by

Eo(x) x forxe N
X) =
0 0 for x in the other summand

» Set 7 =711Ey = mEy on Mg

—\ /!
» Set M = My xy Mp = (Mg) which acts on

J. Bahr Free products of completely positive maps



Setting up My xp Mz
Pg is cp - setting up p
Pg is cp - showing p works

Defining the free product

Setting up the amalgamated free product

» Define the map £y : MJ — N by

Eo(x) x forxe N
X) =
0 0 for x in the other summand

» Set 7 =711Ey = mEy on Mg

—\ /!
» Set M = My xy Mo = (Mg) which acts on

2M =2 @ (M) e LP(N) ey
n>1,i ... 7in
@y (L2(M;,) © L2(N))
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Setting up My xp Mz
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Defining the free product

Setting up the amalgamated free product

» Define the map £y : MJ — N by

Eo(x) x forxe N
X) =
0 0 for x in the other summand

» Set 7 =711Ey = mEy on Mg

—\ /!
» Set M = My xy Mo = (Mg) which acts on

M) =L2(N)e P (LB(My)e 3(N) @
n>1,i ... #i,
@ (L2(M;,) © LA(N))
Finally, Ey extends to a 7-preserving conditional expectation
E:M — N and M is a weakly dense x-subalg of M.
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Defining the free product

Setup

> Let &; : M; — M; for i = 1,2 be En-preserving N-bimodular
unital cp maps.
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Defining the free product St uip i s

Pg is cp - setting up p
Pg is cp - showing p works

Setup

> Let &; : M; — M; for i = 1,2 be En-preserving N-bimodular
unital cp maps.

» Define ¢y : I\/Ig — I\/lg via

X forx e N
®o(x)

- <D,-1(a1) . --‘Di,,(an) for x=a1...a,

where a; € I\/I,Q and iy # ..., as usual.
J
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Defining the free product

Setup

> Let &; : M; — M; for i = 1,2 be En-preserving N-bimodular
unital cp maps.

» Define ¢y : I\/Ig — I\/lg via

o (x) X forx e N
X) =
’ cl)’.l(a]-)“'(Dfn(an) forX:a]_...an

where a; € I\/I,Q and iy # ..., as usual.
J

» This is completely positive on I\/Ig.
» this takes some work
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Setting up My xp Mz
Pg is cp - setting up p
Pg is cp - showing p works

Defining the free product

Setup

> Let &; : M; — M; for i = 1,2 be En-preserving N-bimodular
unital cp maps.

» Define ¢y : I\/Ig — I\/lg via
X forxe N

(0] =
o(x) o (a1)...9;(an) forx=a1...a,

where a; € I\/I,Q and iy # ..., as usual.
J

» This is completely positive on M.
» this takes some work
» We can extend this to ® cp on My xpn My?
> this also takes a bit of work, but not as much (see p219 of [2])
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Setting up My *y Mz
dg is cp - setting up p
Pg is cp - showing p works

Defining the free product

Why is ®q cp?

We're going to show ®q is cp on M§ by directly finding the
Stinespring dilation from the dilations of ®; and ®,. We'll be using
a pretty technical version where we understand the spaces better.
We'll be writing H = L>M, H; = L?>M; for i = 1,2, and

Ho=Ne@PH) @ - @ H)

as the free product with identity £ = Iy & 0.
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Setting up My *y Mz
dg is cp - setting up p
Pg is cp - showing p works

Defining the free product
Stinespring dilations of ®;
> Viewing ®; : M; — B(L>M) =: B(H) for i = 1,2, write

®; = Vi'p;iV

where p; : B(H) — B(K;) is a unital representation and
V : H — K; is an inclusion. Also K; = span(p;)(M;)H.
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Defining the free product

Stinespring dilations of ®;

> Viewing ®; : M; — B(L2M) =: B(H) for i = 1,2, write
;= VipiV;

where p; : B(H) — B(K;) is a unital representation and
V : H — K; is an inclusion. Also K; = span(p;)(M;)H.

> Set KX =Ko H
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Defining the free product

Stinespring dilations of ®;

> Viewing ®; : M; — B(L2M) =: B(H) for i = 1,2, write
;= VipiV;

where p; : B(H) — B(K;) is a unital representation and
V : H — K; is an inclusion. Also K; = span(p;)(M;)H.

> Set K? := K; © H = span(p; — ®;)(M;)(H) (bit of work)
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Defining the free product

Stinespring dilations of ®;

> Viewing ®; : M; — B(L2M) =: B(H) for i = 1,2, write
;= VipiV;

where p; : B(H) — B(K;) is a unital representation and
V : H — K is an inclusion. Also K; = span(p;)(M;)H.
> Set K? := K; © H = span(p; — ®;)(M;)(H) (bit of work)

» We also have p;(N)K? C K? (a bit of work too)
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Setting up My *y Mz
dg is cp - setting up p
Pg is cp - showing p works

Defining the free product

Stinespring dilations of ®;

> Viewing ®; : M; — B(L2M) =: B(H) for i = 1,2, write
;= VipiV;

where p; : B(H) — B(K;) is a unital representation and

V : H — K is an inclusion. Also K; = span(p;)(M;)H.
> Set K? := K; © H = span(p; — ®;)(M;)(H) (bit of work)
» We also have p;(N)K? C K? (a bit of work too)

> Write pf [ : N — B(K?)
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Setting up My *y Mz
dg is cp - setting up p
$g is cp - showing p works

Defining a new space, part 1

> Set Xi = D o114 inri H,-? ®p - ®n H? as an N-bimodule.
> Set Y; to be the same except i1 # 1.
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Setting up My *y Mz
dg is cp - setting up p
Pg is cp - showing p works

Defining the free product

Defining a new space

Define

K=Hao (@ K,-°> ® <€B Xi @, K,-°>

e —K® (X,-®p? KP) &PV e x) 2,0 K
J#
here ® 0 is the completion of the algebraic tensor product with the
scalar product induced by p?.
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o Setting up My *y Mz
Defining the free product B 1 @ = S 0D 2
Pg is cp - showing p works

Defining a new space

Define

K=Hao (@ K,-°> ® <€B Xi @, K,-°>

e —K® (X,-®p? KP) &PV e x) 2,0 K
J#
here ® 0 is the completion of the algebraic tensor product with the

scalar product induced by p?.
We define g; : M; — B(K) by

7i(3) = pi(a) & (01(3) @ x, © Luo ) & D oy(2)
JF#i

in an effort to extend p;.
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Defining the free product

What's o;?

> 7 M; — B(H;) = B(L>M;) is the GNS representation
induced by left-multiplication
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Defining the free product

What's o;?

> 7 M; — B(H;) = B(L>M;) is the GNS representation
induced by left-multiplication

» V;: Hy — H;® Y; are unitaries (their definition is a bit messy)
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Defining the free product

What's o;?

> 7 M; — B(H;) = B(L>M;) is the GNS representation
induced by left-multiplication

» V;: Hy — H;® Y; are unitaries (their definition is a bit messy)

» There are x-homormophisms o; : M; — B(Hp) where
Hy = N@@Hﬂ@---@Hg such that
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Defining the free product

What's o;?

> 7 M; — B(H;) = B(L>M;) is the GNS representation
induced by left-multiplication
» V;: Hy — H;® Y; are unitaries (their definition is a bit messy)

» There are x-homormophisms o; : M; — B(Hp) where
Hy = N@@Hﬂ@---@Hg such that
> g = /\,'7T,'
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Setting up My *y Mz
dg is cp - setting up p
Pg is cp - showing p works

Defining the free product

What's o;?

> 7 M; — B(H;) = B(L>M;) is the GNS representation
induced by left-multiplication
» V;: Hy — H;® Y; are unitaries (their definition is a bit messy)

» There are x-homormophisms o; : M; — B(Hp) where
Hy = N@@Hﬂ@---@Hg such that
> g = /\,'7T,'
>\ B(H,) — B(H()) is defined by

M(T) =V (T eV
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Setting up My *y Mz
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What's o7

> W N® Kj0 — KJ-0 via W;(>° ns ® ks) = > pj(ns)ks are
unitaries
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Defining the free product B 5 @ = el 0P @

Mty e dg is c showin works
- D
References © P E £

What's o7

> W N® Kj0 — KJ-0 via W;(>° ns ® ks) = > pj(ns)ks are
unitaries

> = IXj®Kj°
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o Setting up My *y Mz
Defining the free product B 1 @ = S 0D 2
Pg is cp - showing p works

What's o7

> W N® KJQ — KJ-0 via W;(>° ns ® ks) = > pj(ns)ks are
unitaries

> I = ek

75(3) = (W2 1) () mexgon ) (W7 1)

Think of this as another way of extending p;.
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Setting up My *y Mz
dg is cp - setting up p
$g is cp - showing p works

Are the p;'s compatible? A p from the p;'s!

» If these "extensions" j; differ on N, we can’t define a p on the
free product My xp M.
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Defining the free product

Are the p;'s compatible? A p from the p;'s!

» If these "extensions" j; differ on N, we can’t define a p on the
free product My xp M.

» This is not obvious but follows from the way we set up o; and
Oijj-
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Setting up My *y Mz
dg is cp - setting up p
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Defining the free product

Are the p;'s compatible? A p from the p;'s!

» If these "extensions" j; differ on N, we can’t define a p on the
free product My xp M.

» This is not obvious but follows from the way we set up o; and
O'U

> Finally, set p = f1 * p2 : M§ — B(K). We'd like to show this
is the Stinespring dilation of ®q as defined in the previous
section. As a reminder:

®o(x) X for x e N
X) =
’ ®i(ar)... ¢ (an) forx=ar...a,

The consequence of this (and the goal) is that &g is cp
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product

Comparing p; with ®;

> It's enough to show that for h, ' € H (the smaller space),
x € M, we have

(p(x)h, H') = (D(x)h, h")

for then p will satisfy ® = V*pV for the inclusion V : H — K.
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product

Comparing p; with ®;

> It's enough to show that for h, ' € H (the smaller space),
x € M, we have

(p(x)h, H') = (D(x)h, h")

for then p will satisfy ® = V*pV for the inclusion V : H — K.

» Showing this for x = n € N follows from what p; does on N
(being dilations of ®;) and the definition of ;.
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product
Comparing p; with ®; (continued)

» Finally, for a; € M,?, 1<j<n,and i1 #...# i, we want to
verify

<ﬁ,’1(31) e ,5,-n(a,,)h, h,> = <¢,-1(al) . CD,-n(a,,)h, h/>
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product
Comparing p; with ®; (continued)

» Finally, for a; € Mg, 1<j<n,and i1 #...# i, we want to
verify

<ﬁ,-1(al) e ,5,-n(a,,)h, h,> = <¢;1(al) e CD,-n(a,,)h, h/>
» This is done by induction. First, the base case:

Pir(an)h = pi,(an)h
= CD,-n(an)h + (Pi,,(an) - q)fn(an)) h
= CD,-n(an)h + ky

where k,, € K? since p;, is the Stinespring dilation of ®;,.
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®g is cp - showing p works

Defining the free product

Rest of base case

Pin_1(an-1)pi,(an)h = pi, ,(an—1) (®;,(an)h + kn)
=&, ,(an-1)®j,(an)h
+ (Pir-1(an-1) = @i,y (an-1)) @, (an)h
+ Uin,l(an—l) ® kp,

In other words, we can write this as ®; . (ap—1)®;,(an)h + np—2
where

ln 1 EB '®Hg)®K2’

s=n—1

Nh—2 € K|

Of course here that big sum isn't interesting, but later it will have
more terms.
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product
Inductive step

Assuming

Piri(@kr1) - Pin(an)h = @i, (aky1) - @i (an)h + Mk

where

0 0
Mk € K lk+1 ® @ ’k+1 - ® His) ® KiS'
s=k+1

we can show this holds for the kth term thrown on too.
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Setting up My *y Mz
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Defining the free product
Inductive step

Assuming

Piri(@kr1) - Pin(an)h = @i, (aky1) - @i (an)h + Mk
where
Tk < ’k+1EB @ ’k+1 ®H2)®KIS
s=k+1

we can show this holds for the kth term thrown on too. This
follows from a quick calculation and the fact that gj (ax) is
®; (ak) + (pi (ak) — @i, (ak) as before.
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Defining the free product

Finishing up induction

» Finally, since the leftover term is perpendicular to H,

<p(al e an)h, h/> = <¢,’1(31) . <I>,-n(a,,)h, h,>
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Defining the free product

Finishing up induction

» Finally, since the leftover term is perpendicular to H,

<p(21 e an)h, h/> = <¢,’1(31) . CD,-n(a,,)h, h,>

» Note that we can actually get further that K = spann(M)H
where 7 is the GNS rep for M into L>M.
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Setting up My *y Mz
Pg is cp - setting up p
®g is cp - showing p works

Defining the free product

Finishing up induction

» Finally, since the leftover term is perpendicular to H,
<p(al e an)h, h/> = <¢,’1(31) . CD,-n(a,,)h, h,>

» Note that we can actually get further that K = spann(M)H
where 7 is the GNS rep for M into L>M.

» To wrap up: since p is the Stinespring dilation of ®g, we must
have that &g is cp.
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Lemma
Main result Main theorem

Lemma

Set Xj0 = ijeFj 3y, erjkj eNn B(L2(MJQ)) with F; finite sets
and 3 bji, € M;. Then

n
0 0 _ . . . .
Xi1 R ® Xin = Z Z a,lkil .. a,nkin er'lki,, - b’lk,-l [‘LZ(M,(;)®~-®L2(M3)
Jj=1 kieF;

forall ip #...0p, n>1.
This says that (some) tensors of things in Fn(M) will still be in
Fn(M), restricted to the right domain.
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Lemma
Main result Main theorem

relies on

Ifajel\/l,-jandbjEMgforlgjgn,il;é...;éin,then

EN(a,, e albl e bn) = EN(a,, e azEN(albl)bz PN bn)
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Lemma
Main result Main theorem

Statement

If M1, M2 O N both have property (H) relative to N, then
M = My xn My has property (H) relative to N, with respect to
TMy * TM, -
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Lemma
Main result Main theorem

Proof setup

» Select ®; ; and @, ; nets of cp maps as in the definition of (H)
» Assume same index set / by taking a product net
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Lemma
Main result Main theorem

Proof setup

» Select ®; ; and @, ; nets of cp maps as in the definition of (H)
» Assume same index set / by taking a product net

> |79 1, TS, || can be assumed both strict contractions
q>1,1 q>2,1
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Lemma
Main result Main theorem

Proof setup

» Select ®; ; and @, ; nets of cp maps as in the definition of (H)
» Assume same index set / by taking a product net

> | Tgl AL ng || can be assumed both strict contractions
> max=p; <1

> T =({ %) where I2M; = [?N & [2M?.
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Basics
Defining the free product Lemma
Main result Main theorem
References

Using the free product of cp maps

Select ®; = &1 ; %y
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Lemma
Main result Main theorem

Using the free product of cp maps

Select ®; = &y ; % Py ;

» It's an En-preserving, N-bimodular, unital cp map
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Lemma
Main result Main theorem

Using the free product of cp maps

Select ®; = &y ; % Py ;

» It's an En-preserving, N-bimodular, unital cp map

» We can decompose
To, = Toy; * To,,
0 0
= /L2N D @ Td)jl,i R ® T(Djmi
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Lemma
Main result Main theorem

Verifying the limit condition

» Each || To,|| < 1 so we just need to check
lim;||®;(x) — x|, = 0 for x € M on finite sums of reduced
words, since the tail will be irrelevant
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Lemma
Main result Main theorem

Verifying the limit condition

» Each || To,|| < 1 so we just need to check
lim;||®;(x) — x|, = 0 for x € M on finite sums of reduced

words, since the tail will be irrelevant

» Actually, since in L2(M) different type words are orthogonal,
just need reduced words x
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Lemma
Main result Main theorem

Verifying the limit condition

» Each || To,|| < 1 so we just need to check
lim;||®;(x) — x|, = 0 for x € M on finite sums of reduced
words, since the tail will be irrelevant

» Actually, since in L2(M) different type words are orthogonal,
just need reduced words x

» But remember for reduced words a; ... a,, ®; is the product of
the ¢j7i15
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Basics
Defining the free product Lemma
Main result Main theorem
References

Verifying To, € Kyn(M)

Fix i, and just write Tj = To, .
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Basics
Defining the free product Lemma
Main result Main theorem
References

Verifying To, € Kyn(M)

Fix i, and just write T; = T, Fix0<e<1—p;
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Basics
Defining the free product Lemma
Main result Main theorem
References

Verifying To, € Kyn(M)

Fix i, and just write Tj = To, . Fix 0 <& <1 — p;. Since
Tj € Kn(Mj),
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Lemma
Main result Main theorem

Verifying To, € Kn(M)

Fix i, and just write Tj = To, . Fix 0 <& <1 — p;. Since
Tj S /CN(MJ'), pick )(1 S FN(Mj) with
> [ Tj =Xl <e
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Lemma
Main result Main theorem

Verifying To, € Kn(M)

Fix i, and just write Tj = To, . Fix 0 <& <1 — p;. Since
Tj S /CN(MJ'), pick )(1 S FN(Mj) with
> [ Tj =Xl <e

> note || X;|| <1
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Lemma
Main result Main theorem

Verifying To, € Kn(M)

Fix i, and just write Tj = To, . Fix 0 <& <1 — p;. Since
Tj S /CN(MJ'), pick )(1 S FN(MJ') with

> [T =Xl <e

> note || X;|| <1

Denote

X0 = (1 ew)Xi(1 — en).

This is consistent notation! Xj0 acts on LZ(MJQ), still is a strict
contraction, and is still ¢ close to T7.
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Lemma
Main result Main theorem

Verifying To, € Kn(M), calculation

ITR @@ TR =X @ @Xe | < T = X IIT - 11T,

HIXR I Te, = Xe Tl - - 1Tl
+...
X 1XE, I T, = Xl

by the triangle inequality.
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Lemma
Main result Main theorem

Verifying To, € Kn(M), calculation

ITR @@ TR =X @ @Xe | < T = X IIT - 11T,

HIXR I Te, = Xe Tl - - 1Tl
+...
X 1XE, I T, = Xl

by the triangle inequality.
» X%'s are contractions, so this is bounded by
e(pf ™ 4+ pi+1) <e/(1—p) (also <1).

J. Bahr Free products of completely positive maps



Lemma
Main result Main theorem

Wrapping up

» Lemma: since the X%'s are in N/ N L2(MJQ), taking all terms
up to order m gives us

ey® @ Xe @@ XD € Fn(M)
n<m,ki#...%kn
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Lemma
Main result Main theorem

Wrapping up

» Lemma: since the X%'s are in N/ N L2(I\/IJQ), taking all terms
up to order m gives us

ey® @ Xe @@ XD € Fn(M)
n<m,ki#...%kn

» Since Ty, is approximated in norm by members of Fy(M), it
must be in Cny(M), and the second condition is met.

J. Bahr Free products of completely positive maps



Lemma
Main result Main theorem

Wrapping up

» Lemma: since the X%'s are in N/ N L2(I\/IJQ), taking all terms
up to order m gives us

ey® @ Xe @@ XD € Fn(M)
n<m,ki#...%kn

» Since Ty, is approximated in norm by members of Fy(M), it
must be in Cny(M), and the second condition is met.

» Thus M has property (H) relative to N and the witnessing cp
maps are the free products with amalgamations of the cp
maps for My and M.
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